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”Swing” effects at the onset of crossover towards two dimensional behavior in thin Ising films
are investigated close to Tc(D) by means of Monte Carlo calculations. We find that the effect is
extremely large for the specific heat effective critical exponent, in comparison with the ”swing”
already noted by Capehart and Fisher for the susceptibility. These effects change considerably the
system’s evolution with thickness (D) from two-dimensional to three-dimensional behavior, forcing
the effective exponents to pass near characteristic Tri Critical Point (TCP) values.
Basic features of phase transitions in systems with thin
film geometry have been connected with the problem of
the crossover from classical to quantum transitions. The
change from classical to quantum character of the transi-
tion can be mapped to the evolution with thickness of the
phase transition in films (se f.i. [1,2]).That is the reason
why a detailed study of phase transitions in films may
be particularly useful for the study of quantum phase
transitions apart from the intrinsic usefulness of studying
changes in systems with a few layers of thickness. The
effective critical exponents and the evolution near the
critical point has been extensively studied by means of
series expansions [3], the renormalization group [4], and
Monte Carlo calculations in Ising systems [5], as well as
in the X-Y model [6]. For systems with thin film geome-
try, the correlation length is much smaller than the film
thickness (D), sufficiently below and above the critical
point (i.e. relatively far from Tc(D)). Once the corre-
lation length grows sufficiently (i.e. close to Tc(D)) the
system notices that its critical behavior cannot be that of
a three-dimensional system and the crossover to the two-
dimensional behavior begins. From the point of view of
the effective critical exponents this means that the
system is initially evolving towards three-dimensional
behavior until a crossover to two-dimensional behavior
takes place. The film thickness can be characterized by
the value of the effective critical exponents just at the
onset of this crossover.
The pioneering work of Capehart and Fisher [3] noted
that for the case of the effective critical exponent corre-
sponding to the susceptibility (γeff ) an ”under-swing”
behavior was apparent just before the crossover. This
characteristic behavior means that for a certain thick-
nessD∗ the effective critical exponent reaches a minimum
with a value γm(D
∗) < γ3D < γ2D. This kind of behavior
was attributed to surface effects, due to the lower value
of the thickness (D << L). In principle one might ex-
pect to find an enhancement of the pehenomenon using
free boundary conditions in comparison with periodic
boundary conditions, as indeed it was seen the case.
Since that time there has not been much work on the
problem considered because research has been devoted
strictly to the very close vicinity of the critical point.
Monte Carlo simulations [5] have shown the existence of
this ”under-swing”, but no attempt has been made to
characterize this phenomenon. In principle this ”under-
swing”is a small effect, since γm(D
∗) is close to γ3D, but
several very interesting questions can be asked concern-
ing this phenomenon: a) We know that there should be
a value of the thickness D for which this effect should
be maximum, D∗, because eventually γeff must increase
again as (D → L) towards γ3D: What is the value D∗ of
this characteristic thickness? b) Is it possible to get more
pronounced ”swing” effects in other critical exponents?,
c) What are the values of these effective critical expo-
nents for D∗ corresponding to the maximum ”swing”?
d) Is there a substantial difference between the exponent
values obtained using periodic and free boundary con-
ditions?
In the present work we will address these questions
studying the thickness dependence of the effective crit-
ical exponents (βeff , γeff , δeff , αeff ) of Ising film
(L×L×D), describing the evolution from the pure two-
dimensional Ising system (D = 1) towards the three-
dimensional system (D = L) system. In order to obtain
the actual behavior of the effective critical exponents we
will make use of the fact that the scaling relations hold
all the way before and all through the crossover region
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[4,7].
In the present work we report results on phase tran-
sitions in Ising plates of equal area (L = 100) and dif-
ferent thickness (D = 2, 3, 4, 5, 7, 9, 12) by Monte Carlo
calculations. In order to reduce the critical slowing down
effect near the critical point we use the Wolff single clus-
ter algorithm [8], with more than 50.000 MCS . To en-
sure equilibrium we start our calculations with an early
thermalization (T ≃ 0K and H = 0) and we increase
the temperature in very small (non-constant) steps as we
get closer and closer to the critical point. These very
small temperature steps give rise to large fluctuations
in the numerical derivatives. We did smooth the data
taking derivatives including up to the 5th nearest neigh-
boring points. We obtain the evolution of the effective
critical exponents βeff and γeff by a direct determina-
tion of the magnetization M(T ) and of the susceptibility
χ(T ) =
〈
M2
〉
− 〈M〉2 using the standard relations:
βeff =
∂logM(T )
∂log[Tc(D)− T ]
, γeff =
∂logχ(T )
∂log[Tc(D)− T ]
(1)
The critical temperature Tc(D) corresponding to each
particular thickness D is obtained in the usual way
by means of the Binder cumulant method [9] (see f.i.
[5,7,10]).
Every calculation has been performed using free and
periodic boundary conditions. This comparison is im-
portant, because real films, due to substrate effects, are
not pure free-surface systems but have a mixture of free
and constrained surfaces. A direct comparison has been
performed elsewhere [11] for the D dependence of the
critical temperature. Here we will carry out this com-
parison explicitly for the behavior of the effective critical
exponents.
We present in Fig.1a βeff vs. log[Tc(D)− T ] for D =
3, 5, 9. Three zones are clearly visible: (i) initial evolution
towards the three-dimensional value, (ii) crossover
zone towards the two-dimensional value, and (iii) fi-
nite size effects zone. Note that for D = 3 there is
nearly no crossover, since the system is still almost two-
dimensional, and as D increases, the maximum effective
critical exponent, defined just before the crossover starts,
βm(D), grows tending towards the three-dimensional
value (β3D ≃ 0.33). We remark the clear difference be-
tween exponents with periodic and free boundary con-
ditions. Note how the exponent for free boundary condi-
tions always rises (for the same thickness) to a maximum
which is closer to the corresponding three-dimensional
value than the same effective critical exponent for peri-
odic boundary conditions. Finally both (free and peri-
odic exponents) collapse together in the crossover. This
exponent, as will be seen also for 1/δeff below, does not
present any ”swing” effect. It means that we do not find
any value of D for which β2D < β3D < βm(D).
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FIG. 1. Evolution of the effective critical exponents with
temperature for different thickness D=3 (squares), D=5 (cir-
cles) and D=9 (triangles) with periodic (full) and free (open)
boundary conditions. Two dimensional and three dimensional
critical exponents are marked (full lines) together with the Tri
Critical Point values (dashed line). The arrows indicate the
”under-swing” (b) and ”over-swing” (d) behavior.
The ”under-swing” effect noted by Capehart and
Fisher [3] is explicit for the case of the susceptibility.
In order to check this effect, we present in Fig 1b results
for γeff vs. log[Tc(D) − T ] for D = 3, 5, 9. Note how
the ”under-swing” is clearly detectable for values of D
close to D = 9. This ”under-swing” is visible not just
for the free boundary conditions, but also for the peri-
odic boundary conditions as was pointed out in Ref. [3].
This is the first time in our knowledge that the ”under-
swing” effect is explicitly shown to exist under periodic
boundary conditions, where surface effects are reduced.
In order to get a more complete picture of the depen-
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dence with thickness of the effective critical exponents we
study also the effective critical exponents 1/δm(D) and
αm(D). As usual, 1/δm(D) should be obtained as the
value just before 1/δeff starts the crossover to the two-
dimensional value, 1/δeff may be obtained making use
of the scaling relation [12]
1/δeff =
(
γeff
βeff
+ 1
)
−1
(2)
As mentioned above, this relationship has been proven
to hold, not just near the critical point, but also at the
crossover region, and before [4,7]. The results for 1/δeff
vs. log[Tc(D)−T ] are presented in Fig.1c. The behavior
is very similar to the one observed for βeff . There is no
”over-swing”. Thus we do not have any value of D for
which 1/δ2D < 1/δ3D < 1/δm(D).
The other interesting exponent to study is the effective
specific heat critical exponent. We are able to determine
explicitly the evolution of this effective critical exponent
by means of the relation [12]:
αeff = 2− 2βeff − γeff (3)
Fig 1d presents the results for αeff vs. log[Tc(D) − T ].
We find and extremely enhanced ”over-swing”. We
find clearly that α2D < α3D < αm(D), not just forD = 9
but also for D = 5 and D = 3. Another interesting result
is that the effect is very clearly visible both for free and
for periodic boundary conditions.
We may note that in Fig1c and 1d the final data for
T → Tc(D) are not representative, because they corre-
spond to the finite size effects region of βeff and γeff .
The best way to show the ”swing” effect is perhaps
to plot the values obtained for αm(D) vs. D and for
γm(D) vs. D, together with the results obtained for
βm(D) and δm(D). These results are presented in Fig.2.
Several points are made clear: a) ”Swing” effects exist
only for the specific heat (αeff ) and the susceptibility
(γeff ) effective critical exponents b) The ”swing” is en-
hanced clearly in the effective heat exponent, f.i. we get
a ratio αm(D = 9)/α
3D ≃ 5 while for γm(D) we just
find γ3D/γm(D = 9) ≃ 1.24. This means that the effect
that is relatively small in the susceptibility can not be ig-
nored in the specific heat c) The maximum ”swing” effect
is found for values of D close to 10, that is, we should
take D∗ ≈ 10. d) ”Swings” appears for both, free and
periodic boundary conditions, and are more pronounced
for the former.
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FIG. 2. Effective critical exponents at the onset of the
crossover vs. thickness for periodic (full) and free (open)
boundary conditions. Two dimensional and three dimensional
critical exponents are marked (full line) together with the Tri
Critical Point value (dashed line). The arrows indicate the
”under-swing” in γeff (a) and ”over-swing” in αeff (b).
Now we focus attention on the exponent values ob-
tained for D = 9 ≈ D∗. The results for periodic and free
boundary conditions are presented in Table I. They are
compared with the two-dimensional values, the three-
dimensional values and with the Tri Critical Point
(TCP) values. As it is known, a Tri Critical Point is at
the limit separating continuous (2nd order) from dis-
continuous (1st order) transitions [13]. Note that the
exponent values corresponding to the Tri Critical Point
are close to those for D = 9 ≈ D∗, with errors ranging
from three to twelve percent. Clearly, the evolution of
the effective critical exponents [βm(D), αm(D), 1/δm(D)
and γm(D)] from the two-dimensional values (D = 1) to
the three-dimensional values (D = L) is not monotonous
but appears in all cases to come close to the respective
Tri Critical Point value for D ≈ D∗. This effect is made
more explicit in plots of αm(D) vs. γm(D) and 1/δm(D)
vs. βm(D) (see Fig.3a and 3b).
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FIG. 3. Evolution of the effective critical exponents at the
onset of the crossover as the thickness of the system increases
for periodic (full) and free (open) boundary conditions. The
straight dashed line indicates a linear evolution, and the full
line is a guide for the eye indicating the observed evolution.
Note that the effective exponents tend towards the Tri Criti-
cal Point values (marked with an cross). Dotted lines indicate
the expected behavior towards the three-dimensional value.
Fig.3a shows that, in the case of αm(D) vs. γm(D),the
evolution of the plot from D << D∗ [γm(D) ∼
γ2D, αm(D) ∼ α
2D] onwards shows an spectacular
turn towards the Tri Critical Point pair of values
(γTCP , αTCP ). Then for D > D∗ the evolution to-
wards the pure three-dimensional values begins. Note
that the data points get away from the box defined by
(γ2D, α2D) ⇐⇒ (γ3D, α3D), making explicit the exis-
tence of ”swing effects”. An interesting feature of our
results is that the general behavior appears to follow
the same well defined line independently of the boundary
conditions used.
For the case of 1/δm(D) vs. βm(D) the values cor-
responding to a Tri Critical Point are also closely ap-
proached. The non-existence of swing effects in this case
is also explicit since the pair of values (βm(D), 1/δm(D))
do not leave the box.
In conclusion we have presented Monte Carlo data for
the evolution of effective critical exponents (note that
these are ”transient” exponents, not assyntotic, critical
exponents) in thin Ising films. In summary we have
shown that: a) ”Swing effects” are specially enhanced
for the specific heat effective exponent, αm(D), b) They
appear very clearly for both free and periodic boundary
conditions and c) ”Swing effects” force the effective ex-
ponents to pass near exponent values corresponding to a
Tri Critical Point (for D∗ ≃ 10) well before the evolution
towards the three-dimensional values begins.
Our work shows that ”swing” effects must become
patent especially in the case of the specific heat for any
boundary conditions. It would be very interesting to
check this point experimentally. This result rises also
the basic question of why Tri Critical Point exponents
(β = 1/4, 1/δ = 1/5, γ = 1, α = 1/2) describe so well the
behavior of thin films at the onset of the crossover, for
characteristic thicknesses of D∗ ≃ 10.
TABLE I. Effective critical exponents for Ising films at on-
set of crossover and D ≃ D∗
β γ 1/δ α
Two Dimensional 0.125 1.75 0.066 0.000
D=9 (periodic) 0.218 1.13 0.152 0.469
D=9 (free) 0.243 1.06 0.174 0.525
Tri Critical Point 0.250 1.00 0.200 0.500
Three Dimensional 0.330 1.24 0.208 0.110
We thank P.A.Serena for computing facilities and we
acknowledge financial support from DGCyT through
grant PB96-0037.
[1] M. Suzuki, Prog. Theor. Phys. 56, 1454 (1976)
[2] J. B. Kogut, Rev. Mod. Phys. 51, 659 (1979).
[3] T. W. Capehart and M. E. Fisher, Phys. Rev. B 13, 5021
(1976).
[4] O’Connor and C. R. Stephens, Phys. Rev. Lett. 72, 506
(1994).
[5] P. Schielbe, S. Siebentritt and K. -H. Rieder, Phys. Lett.
A 216, 20 (1996).
[6] W. Janke and K. Nather, Phys. Rev. B 48, 15807 (1993).
[7] M. I. Marque´s and J. A. Gonzalo, European Physical Jour-
nal B (in press).
[8] U. Wolff, Phys. Lett. B 228, 379 (1989).
[9] K. Binder, Z. Phys. B 43, 119 (1981).
[10] K. Binder, Thin Solid Films 20, 367 (1974).
[11] M. I. Marque´s and J. A. Gonzalo (to be published).
[12] See f.i. J. M. Yeomans, Statistical Mechanics of Phase
Transitions (Clarendon Press, Oxford, 1992), p. 30.
[13] See f.i. J. A. Gonzalo, Effective Field Approach to Phase
Transitions (World Scientific, Singapore, 1991), p.86; for
a more extended discussion see I. D. Lawrie and S. Sar-
bach, Phase Transitions and Critical Phenomena, edited
by C. Domb and J. L. Lebowitz (Academic Press, New
York, 1986), Vol. 9.
4
